The present paper investigates the crisp profile symmetric decomposition in order to analyze its properties when working with fuzzy arithmetic operations and shape-preservation (symmetry). We are also interested in the definition of generalized differentiability based on the mentioned decomposition.
Introduction
Many approaches have been introduced to define fuzzy arithmetic operations satisfying certain desired properties that may not always be satisfied in the classical extension principle approach (see [17] ) or its approximations (see [14] ): shape preservation (e.g. [4] , [5] , [14] ), reduction of the overestimation effect (e.g. [8] , [9] ), requisite constraints (e.g. [11] , [10] ) and distributivity of multiplication and division (e.g. [2] , [12] , [13] ). These problems are essentially approached by joining representations of fuzzy quantities and fuzzy operations (e.g. [3] , [7] , [8] , [11] ).
In this paper, we refine the crisp profile symmetric (hereafter CPS) decomposition of the fuzzy numbers into three additive components that can be thought as a "crisp part", a "symmetric fuzzy part" and a "profile of symmetry". The decomposition (firstly introduced in [16] ) contributes to define some properties of fuzzy calculus in a rigorous way.
The decomposition is also used to suggest some approximations of fuzzy operations that reduce the range of fuzziness (with respect to the classical exact operations) and assure distributivity.
Basic notions
In the a − cut setting, a fuzzy number can be identified as follows: 
we have a fuzzy interval and if u − = u + we have a fuzzy number.
denotes explicitly the α − cuts of u and u − and u + are the lower and upper branches on u. We denote by F I the set of fuzzy intervals and by F ⊂ F I the set of fuzzy numbers.
If u − α = u − and u + α = u + , ∀α we have a crisp interval or a crisp number; we denote by F I and by F the corresponding sets.
If u − = u + = 0 we obtain a 0−fuzzy number and denote the corresponding set by F 0 .
If
∀α then the fuzzy interval is called symmetric; we denote by S I and by S the sets of symmetric fuzzy intervals and numbers; S 0 = S ∩ F 0 will be the set of symmetric 0−fuzzy numbers.
The fuzzy number u is positive if u − α > 0 , ∀α ∈ [0, 1] and it is negative if u + α < 0 , ∀α ∈ [0, 1]; the sets of positive and negative fuzzy numbers are denoted by F + and F − respectively and their symmetric subsets are denoted by S + and S − .
Given two fuzzy intervals u = (u − , u + ) and v = (v − , v + ) then the standard arithmetic operations are defined.
The CPS representation
In the unidimensional case, given a fuzzy number u ∈ F with α − cuts
it is possible to define the following quantities:
corresponding to the core u 
corresponding to the symmetry profile of u where u : [0, 1] −→ R is a given function satisfying u 1 = 0 when α = 1 and P is the set of all profile functions;
corresponding to the symmetric fuzzy component of u where u is a symmetric fuzzy number with core given by the singleton {0} and S 0 is the family of all such fuzzy numbers.
In the proposed framework the α − cuts of a fuzzy number can be written as: u
implying that any fuzzy number can be decomposed in terms of a triplet
and defining the CPS representation where u ∈ I is the crisp number or interval, u ∈ P is the crisp symmetry profile and u ∈ S 0 is the 0−symmetric fuzzy number.
By use of decomposition (5) we can characterize the fuzzy intervals or numbers as follows:
Note also that u 1 = 0 and −u α ≤ u α ≤ u α ∀α ∈ [0, 1] and that the profile function induces a linear operator; in fact, if u = ( u, u, u) and v = ( v, v, v) then u + v = ( u + v, u + v, u + v) and, ∀k ∈ R, ku = (k u, k u, |k| u) and
Let's denote by P the set of all possible profile functions:
represents a fuzzy interval if and only if the following condition is satisfied by the pair ( u, u) ∈ P × S 0 :
Proof. If u is a fuzzy interval with u, u and u defined by (1), (2) and (3) respectively, then (6) is immediate. Suppose now that (6) is valid, then for α = α < 1 and α = 1 we have
and necessary condition is satisfied. By definition (4) we then have:
For α < α the following is true
α is decreasing (not increasing) and u − α is increasing (not decreasing). It follows that u is a proper fuzzy interval.
Definition 3 (valid pair ( u, u))
We say that a pair ( u, u) ∈ P × S 0 is a valid pair if it satisfies condition (6), i.e. if u + u ∈ F 0 is a fuzzy number.
In terms of the above definition, we can say that any u = ( u, u, u) ∈ F I × P × S 0 represents a fuzzy interval if and only if ( u, u) is a valid pair. On the other hand, valid pairs of P × S 0 are the elements of F 0 , the 0-fuzzy numbers.
Note that if u and u are differentiable functions with respect to α ∈ ]0, 1[ , then condition (6) can be stated in terms of first derivatives as | u α | ≤ −u α ∀α ∈ ]0, 1[ . Furthermore, as u 1 = u 1 = 0 and the absolute local variations of u are not greater then local variations of u, it follows that if ( u, u) ∈ P × S 0 is a valid pair then also
Using decomposition u = ( u, u, u) with u ∈ F I , u ∈ P and u ∈ S 0 and supposing that ( u, u) is a valid pair, then some possibilities arise and some of them are of interest:
may be of interest as it represents an interval of fixed length but of varying position, depending on the profile function u : at different degree of possibility α, the position of the fixed length interval changes by following profile u.
is the membership function of fuzzy interval u, of the form
with u l (x) increasing and u r (x) decreasing, we have that
In terms of decomposition (4) we can write the following relations, ∀α ∈ ]0, 1[ :
The fuzziness of u is essentially contained in component u ∈ S 0 , while the profile function u is related to the asymmetry of u with respect to crisp component u.
Starting with one or more valid pairs, it is not difficult to construct other valid pairs.
For example, if ( u, u) is given we can consider any function F :
) is a valid pair with F : P×S 0 → P and F : P × S 0 → S 0 . A particular case is related to the extension of a given function f : R → R to a 0-fuzzy number u = (0, u, u) ∈ F 0 for which
Similarly, starting with n valid pairs ( u i , u i ), i = 1, 2, ..., n, and setting u = (
A useful result is given by the following
is a valid pair.
Proof. Consider α < α ∈ [0, 1]; we have the following inequalities (remember that u α ≥ u α ≥ 0 and v α ≥ v α ≥ 0):
The following results hold, too.
Proposition 5 (adapted from [12] ) If ( u, u) and ( v, v) are two valid pairs, then also ( w, w) with
Finally, the Hausdorff distance on F I is defined by:
If we use the decomposition
(and similarly for v), then
we can obtain a modified distance on F I by considering the three components
It is possible to see that
Basic fuzzy arithmetic with CPS decomposition
In [6] 
where Several properties may be showed when the fuzzy numbers are represented through the CPS decomposition.
Proposition 6 Given u = ( u, u, u) ∈ F and v = ( v, v, v) ∈ F then the gHdifference w = u g v is a fuzzy number w = ( w, w, w) ∈ F that satisfies the following properties:
and u g v exists if and only if one of the two conditions is satisfied:
Proof. Is detailed in [15] .
The gH-derivative in the CPS framework
In [1] the gH-derivative in terms of the CPS decomposition of fuzzy numbers is analyzed. Given a fuzzy-valued function f :
, the CPS representation decomposes f (x) in terms of the following three additive components:
; the three components are defined as follows
and they satisfies the following equations:
Equation (9) defines the CPS decomposition of f (x) ∈ R F and the symmetry of the fuzzy number holds if and only if f α (x) = 0 for all α ∈ [0, 1] , so that we can call f (x) + f (x) the symmetric part of f (x) .
Let's now assume that the lower and the upper functions f − α and , f + α are differentiable w.r.t. x for all α; then also f − and f + are differentiable w.r.t. x, and f α + f α are differentiable w.r.t. x for all α. Necessarily the following equations hold:
and the level cuts of the gH-derivative of f are given by:
Some interesting facts can be deduced from (10) . In particular the monotonicity conditions can be expressed in terms of the CPS decomposition as follows:
In particular, for a symmetric fuzzy number f (x) with f
we obtain gH-differentiability if and only if f α (x) is monotonic w.r.t. α.
Properties of arithmetic operations
Standard arithmetic operations between fuzzy numbers can be handled in terms of the CPS decomposition
where (11) is equivalent to
Addition, scalar multiplication and subtraction are immediate. Let u = ( u, u, u) and v = ( v, v, v) be two fuzzy numbers, then we can write:
It may be of interest to note that addition and difference have the same 0-symmetric fuzzy components u + v and they differ (only) in the crisp and the profile parts. On the other hand, it is well known that:
When we consider the multiplication of u, v ∈ F with u = ( u, u, u) and v = ( v, v, v) that are fuzzy numbers with
The α − cuts of the fuzzy product uv are:
The CPS decomposition is useful to measure the effect of the multiplication on the symmetry of the product fuzzy number.
It is immediate to see that if u, v ∈ S 0 i.e. u = (0, 0, u) and v = (0, 0, v), then uv = (0, 0, uv) ∈ S 0 is the exact product.
If we take u, v ∈ F 0 i.e. u = (0, u, u) and v = (0, v, v) then the α − cuts of the product uv ∈ F 0 are given by
it follows that the elements of the decomposition of uv are:
In [16] we investigate when the distributivity of multiplication and division is satisfied.
Examples
In Multiplication 1, the two fuzzy numbers u and v are both trapezoidal with linear left and right branches u = −2, 0, 1, 2 and v = −2, −1, 0, 2 .
In Multiplication 2. we use u and v in the decomposed form with u = 1, u α = −(1 − α) 2 /2, u α = (1 − α)(2 − α)/2 and v = 2, v α = −2 u α , v α = 1.5u α . In Division 2, the two fuzzy numbers u and v are both trapezoidal with linear left and right branches u = −1, 0, 0, 5 and v = 1, 2, 2, 3 . Note that u ∈ F 0 .
In the calculus of fuzzy expressions we take an example with triangular u = 0, 1, 2 and v = 1, 2, 3 and compute the Klir ([10] ) operation ( Finally, we compare the multiplication * with the arithmetic introduced by Ma et al. in [12] . In our notation, the input fuzzy numbers of their last example are u = (1, 
Conclusions
We study properties of the gH-derivative and of fuzzy arithmetic operations that can be expressed in terms of the Crisp Profile Symmetric decomposition and we show that the introduced representation enlarges the fuzzy numbers' features.
